A model-based maximum power point tracking solution for wind systems is presented in this paper. The strategy uses the Loss-free resistor concept and a generator model, which relates the load impedance required to produce the maximum power depending on the generator rotor speed. The strategy performance is validated through simulation and the emulation of a multi-machine wind generation system. With the proposed strategy, it is possible to extract the maximum power of each generator and, therefore, the maximum power of the generation system.
Introduction
In the last decades, a common effort has been made to reduce the fuel oil dependence in several production and operating systems, because fuel oil utilization is an important cause of global warming and its consequences [1] . A strategy to support the demand of electric power, removing pressure from fuel oil production, is to extract electric power from alternative sources; therefore, wind generation systems have been developed as one of those alternative sources [2] . Wind energy has been a promising and effective source to provide electric power. Among the several wind generation systems implemented around the world, there are small wind generation systems, which are ranged from 200W to 5 kW, with a typical structure that is illustrated in Figure 1 . The energy produced by wind generation systems depends on the wind speed, among other variables, and for each speed condition, it is possible to extract a corresponding maximum power [3, 4] . In order to achieve such maximum power production, maximum power point tracking (MPPT) algorithms are implemented in the processing stage of the system. Several MPPT algorithms are presented in the literature, where the most common ones are the tip speed ratio (TSR) control, the turbine torque control, and the perturb and observe strategy.
In TSR control, the generator speed n is regulated to keep an optimum TSR. To implement this algorithm, the wind speed W s and the rotor speed of the wind turbine _ s must be measured; additionally, a function between the power coefficient and the TSR is required [5] . The torque control strategy brings the wind generation system to the optimum torque which is associated with the optimum TSR. This algorithm requires the measurement of the turbine angular speed and the turbine mechanical torque T i , additionally a previous knowledge of the optimum torque and the maximum power coefficient is required; however, the measurement of the wind speed is not necessary. In the perturb and observe algorithm, an input variable is perturbed, which can be the generator current, i.e. the input current to the converter, and the change in the output power is observed. If the change is positive, the input variable is perturbed again in the same direction; however, if the output power change is negative, the input variable is perturbed in an opposite direction. This process is repeated continuously to track the maximum power point (MPP) [3] . The perturb and observe strategy does not require to measure the wind speed or the turbine angular speed, either previous knowledge about the system, because the algorithm is independent of the turbine characteristic [5] . The main challenge for the algorithm is to track fast the changes of the wind speed because the generation system can arrive to the maximum power with some delay [3] . Other important challenge is the step size selection, because large steps mean fast response but also larges oscillation around the maximum power, i.e. high power losses. On the other hand, small steps improve the steady-state efficiency but reduce the convergence speed to the maximum power [6, 7] . In order to tackle some of the challenges related with small wind generation systems, a Model-Based MPPT (MB-MPPT) algorithm is proposed in this paper, which is implemented in two small wind generation systems. The implementation of the algorithm reduces the amount of sensors and control units required in contrast with other strategies, increasing the economic viability of small wind generation systems working together. The rest of the paper is organized as follows: In Section 2 the MPP of a permanent magnet synchronous generator is analytically and experimentally illustrated. In the next section, the MB-MPPT is proposed and the Loss-Free Resistor (LFR) concept is introduced. Also, the MPPT strategy is experimentally validated and contrasted with a voltage control strategy. In Section 4, an application example of the MB-MPPT control, which consists of a multimachine wind system controlled by the MB-MPPT is presented. Finally, conclusions in Section 5 close the paper.
Maximum power point in a permanent magnet synchronous generator
A reduced model of a permanent magnet synchronous generator (PMSG) is analyzed in order to illustrate its maximum power point. The output power of a three phase synchronous generator calculated from its per phase terminal voltage V g and its armature current I g is given by (1):
To obtain the MPP for a specific armature current value, the dP o /dI g is equated to zero (2):
In (2), the dependence of generator terminal voltage from the armature current is observed, therefore, a function that solves the generator terminal voltage in function of the armature current is needed. That expression is obtained from the phasor diagram corresponding to an operating point of the PMSG. The phasor diagram, presented in Figure 2 , is derived from its equivalent circuit.
In Figure 2 , δ is the power angle, θ is the power factor angle, L s is the inductance of the machine in H, ω s is the generator rotor speed in rad/s, and E a is the electromotive force in V. The dependence of the generator terminal voltage from the armature current is obtained from the single-phase phasor diagram representing the generator in a specific operating point. Expression (3) is a geometric relation obtained from Figure 2 , and for this analysis E a , L s and _ s are considered constants:
Solving V g from (3), the relation of the terminal voltage as a function of the armature current is given by (4):
Replacing (4) in (2) leads to expression (5) , which corresponds to the armature current value I g_MPP at the MPP.
Solving the generator armature current from (5) leads to the expression to calculate the I g_MPP given in (6) . The current value is obtained for known values of the power factor, the electromotive force, the machine inductance, and the rotor speed. Finally, replacing I g_MPP in (1) enables to calculate the MPP.
To illustrate the MPP, a small wind generation system was emulated in a power laboratory. The emulator is presented in Figure 3 , where the PMSG was emulated with a synchronous generator keeping constant its field current. The wind turbine was emulated with an induction motor and its AC driver, which was used to change rotor speed.
The generator terminal voltage and the generator output power were plotted in Figure 4 in function of the armature current and the load impedance. The four electric characteristics are plotted at four different rotor speeds, which were kept constant and are expressed in per unit (pu).
In Figure 4 the MPP is highlighted with black circles. In all the electric characteristics, the power extracted using a constant voltage control strategy is highlighted with white circles. From the figure, it is clear why a MPPT strategy is a better option to extract the maximum power from a small wind generation system in contrast with a constant voltage strategy. The power vs. load impedance characteristics point out there is a specific load impedance value that enables the extraction of the maximum power from the small wind generation system. Expression (7) models the optimal load impedance Z R depending on _ s obtained from the experiments.
Model-based MPPT
Based on the MPP model previously presented in (7), it is possible to calculate the optimal impedance that must be connected to the wind generator to extract the maximum power for any wind speed. However, since in classical wind power systems, e.g. Figure 1 , the load imposes its impedance to the generator, it is necessary to insert an additional device between the wind generator and the load to perform an optimal impedance matching: set the impedance of the generator according to (7) to provide the maximum power possible to the load, which in turns exhibits any impedance different from (7) . The device that fulfills such conditions is known as ''Loss-Free Resistor'' (LFR), which requires a control algorithm to define its input impedance Z R . The LFR control algorithm must measure the generator speed n to set Z R according to (7) , hence such a controller behaves as an optimization algorithm to track the optimal operation condition of the wind generator. Therefore, the control algorithm defining Z R from (7) is a Model-Based Maximum Power Point Tracker or MB-MPPT. Figure  5 illustrates the proposed Wind MPPT System (MPPTS) based on the LFR controlled by the MB-MPPT.
LFR implementation
The implementation of LFR is performed using dc/dc power converters as described in [8, 9] . In the particular case of the grid-connected wind MPPTS, two conditions must be provided by the LFR: first, the current requested to the generator must have low harmonic content to avoid damages [10] , and second, the LFR must provide a boosting factor to match the generator voltage with the higher voltage of full-bridge inverters, which are standard for small power grid connections. Hence, this paper proposes the implementation of the LFR using a boost converter. The top of Figure 6 presents the concept of a LFR used to impose the impedance of a power source. The LFR input port behaves as a variable impedance, while its output port behaves as a power source transferring the input power to the load. The bottom of Figure 6 shows the implementation of the LFR using a boost converter, where the generator impedance Z g = V g /I g must be regulated; V g and I g stand for the generator voltage and current, respectively. Due to the non-linear nature of Z g , a non-linear controller must be used to implement the LFR: the boost converter must be controlled to behave as a resistance at its input terminals.
From the circuit in Figure 6 , the switched differential Eq. (8) describing the inductor current is obtained, where u = {0, 1} represents the binary control signal used to close {1} and open {0} the Mosfet. Then, representing the generator voltage V g in terms of the rotor speed w s , the rotational constant k and the generator resistance R g as V g = k×w -R g ×I g , the differential Eq. (9) describing V g is obtained.
The Sliding-Mode Control (SMC) technique was selected to implement the LFR due to its non-linear nature and its binary control signal, which matches the binary nature of the Mosfet and diode. The approach used to design the SMC is the following: since the averaged value of the inductor current within the switching period corresponds to the generator current, i.e. volt-second balance where dV g /dt = 0 in (9) [11] , a SMC is designed to regulate the averaged inductor current following a reference i REF , which in turns define the generator current. Then, i REF is calculated from the generator voltage V g to guarantee the desired generator impedance Z R . The sliding surface Sx adopted to regulate the inductor current i L is given in (10) , which also describes the first sliding condition Sx = 0. The second sliding condition is given in (11) [12] .
Three additional conditions must be fulfilled to guarantee the existence of the sliding-mode [12] , which in turns guarantee the correct reference tracking and stability: transversality, equivalent control and reachability. The former one stands for the system controllability, where the control variable u must be present in the sliding surface derivative, i.e. the derivative with respect to u must be different from zero. Eq. (12) verifies that the proposed surface fulfills the transversality condition.
The equivalent control condition stands for the system stability, where the averaged value u eq of the control variable u must be constrained between the binary values of u, i.e. 0 < u eq < 1. Replacing u by u eq in (8), Eq. (13) describing u eq is obtained. Then, when the system is trapped within the sliding mode, i.e. Sx = 0 and i L = i REF , the condition 0 < u eq < 1 leads to (14), which describes the constraints that must be fulfilled by i REF to ensure the system stability. Hence, if the derivative of i REF fulfills (14), the sliding-mode is granted and the inductor current is successfully defined by i REF . It must be noted that the limits in (14) correspond to the physical limits of the inductor current derivative [11] , hence the SMC provides the fastest behavior achievable by the converter.
The reachability condition stands for the ability to reach the sliding surface [12] , where it is required that the derivative of the states drives the system towards the sliding surface. In such a way, considering the proposed sliding surface Sx, two options are possible: first, the inductor current is higher than the reference current, i.e. i L > i REF Such control law can be implemented using classical comparators. But, since near i L = i REF the switching frequency of the comparators, hence of the control command of the Mosfet, could become infinite due to the chattering phenomenon [11] , the control law must be implemented using hysteric-comparators. Such a solution is standard in the implementation of SMC for power converters [11] , where a hysteresis band H is imposed to limit the switching frequency of the converter. In the LFR case, the band is set to H = Di L and the control law is implemented as in (16). The bottom of Figure 6 illustrates the scheme of the proposed SMC, which uses a flip-flop S-R to hold the state of u defined by the implementation of (16).
Since the proposed SMC fulfills the transversality condition, it is controllable. Moreover, since it fulfills the reachability condition, the system is driven to the sliding surface from any operation condition. In addition, since the equivalent control condition is fulfilled, when the system reaches the sliding surface it will be trapped there. Those conditions ensure an accurate tracking of the reference i REF ; hence the inductor behaves as a current source to define the generator current i g . The last part of the LFR implementation is defining the SMC reference as i REF = V g /Z R , where Z R stands for the LFR impedance reference. In such a way, since I g = i REF , the impedance of the generator Z g is defined by Z R . Finally, to ensure the SMC correct behavior, condition (14) must be fulfilled. From (9) , (10) and (11), and taking into account that i L = i REF = I g = V g /Z R , the equivalent behavior of the controlled system is given by (17). Therefore, the generator voltage behaves as a first order system with settling time t s . Then the capacitor C must be selected to constraint di REF /dt = (1/Z R )×dV g /dt based on the limit (worst-case) values of k, w s , V g , R g and Z R : maximum k, maximum w s , minimum V g , minimum R g and maximum Z R .
Based on the experimental bench described in Section 2, the following nominal parameters are adopted to illustrate the SMC performance: k×w = 282.16 V, V g = 95 V, R g = 20.73 W, Z R = 9 W, L = 250 mH, C = 50 mF, v o = 200 V, Di L = 500 mA. Figure 7 presents the system simulation, where changes on the impedance reference Z R are introduced at 1 ms (+20 %), 3 ms (-40 %) and 5 ms (+20 %); while changes on the rotor speed w are introduced at 8 ms (-20 %), 10 ms (+40 %) and 12 ms (-20 %). The SMC ensures the correct LFR behavior in all the perturbation conditions, where Z g follows Z R with a settling time t s = 1.26 ms as predicted by (17).
Experimental results
The experiments were carried out under three different wind speeds: the first condition imposes a rotor speed of 0.83 pu up to 40 s, then the speed was changed to 0.92 pu, and at 78 s the speed was changed again to 1.00 pu. A first experiment was conducted by setting constant the generator voltage to 0.75 pu for all the operation conditions. The second experiment was performed by controlling the generator impedance in agreement with (7), which effectively tracks the MPP. The results of those experiments are presented in Figure 8 , in both time domain and phase planes. Figure 8 presents the impedance imposed to the generator (top-left) and the power produced (top-right) for both constant voltage and MPP tracking approaches. Such experimental results confirm the higher power production achieved with the proposed MB-MPPT strategy. Figure 8 also shows, at the bottom, the operating points in terms of impedance, voltage and power. Those phase planes confirm the accurate voltage regulation in the constant voltage approach, while the MPP tracking approach imposes a variable generator voltage to increase the power production. Figure 9 presents the experimental single-phase voltage and current RMS values for both experiments, which confirm the phase planes data reported in Figure 8 .
Application example: a multi-machine wind system
In urban environments, it is common to experience space restrictions that lead to divide the power production among multiple smaller wind-generators instead of a single larger device. This is the case of bridge mounted wind generators, where unbalance weight could be detrimental to the structural health of the bridge and pedestrians safety. An example of this practice is presented in Figure 10 This application example considers each wind generator regulated by a MB-MPPT controller as in Figure 5 , where both generators supply the same load, e.g. a single grid-connected inverter. Figure 10 (b) presents the connection scheme for those wind generators. Moreover, since both generators are placed at opposite sides of the bridge, different wind speed profiles are assumed, which produce the rotor speed profiles depicted in Figure 10 (c). Two experimental units with the structure described in Figure 5 were used to represent both bridge mounted wind generators, where both wind turbine emulators where configured to impose the speed profiles given in Figure 10 (c).
The experimental results obtained with such a multi-machine wind system are presented in Figure 11 . The single-phase voltage and current profiles of both generators are presented in Figure 11 (a) and 11(b), while the three-phase power profiles produced by both generators are presented in Figure 11 (c). In addition, such a figure also presents the power profile absorbed by the load. This application example shows the usefulness of the proposed control technique to maximize the power produced by wind generation systems. Moreover, it is noted that, despite the number of generation units, the control complexity is not significantly increased.
Conclusions
A model-based maximum power point tracking for a multi-machine wind system was implemented. The tracking strategy uses the LFR concept and a PMSG model, which represents the load impedance to generate the maximum power for each generator rotor speed. This model and the generator rotor speed are the requirements to implement the strategy, which are less demanding than the requirements of commonly adopted MPPT strategies, therefore the strategy becomes a viable option when the MPPT is intended. During the emulation of a wind generation system, the maximum power of each generator and therefore the maximum power of the whole generation system were extracted. The experimental results of the MPP tracking and constant voltage approaches illustrate the effectiveness of the proposed strategy in the extraction of the maximum power. The main drawback of this solution concerns the requirement of parameterizing offline the optimal generator impedance. An improvement on this aspect could be done by adopting identification techniques that enable to correct Z R in agreement with the generator aging.
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